for the solution of the potential of the arbitrary dipole in the homogeneous spherical conductor, the corresponding solution is developed for an arbitrary dipole potential in and on the boundary of a homogeneous circular plane lamina. The formulas for the latter solution are simple when compared with those for the sphere, and should therefore prove useful in testing measuring circuits and lead methods before attacking clinical electrocardiographic problems. A table is computed for positions of the zero of potential on the boundary, using 15 equal increases of dipole eccentricity both for the circular plane lamina and for the sphere.
I N A PREVIOUS communication,
1 the electric field produced by an eccentric current dipole in a homogeneous spherical conductor has been described. The laboratory testing of measurement equipment and methods of measurement which are applicable to clinical electrocardiographic problems in certain instances might be more easily carried out on the two, rather than upon the three, dimensional conductor. It is therefore appropriate to report the theoretical solution of this potential problem.
The potential V must satisfy the Laplace equation, S7 2 V = 0, and must also satisfy the boundary condition of zero normal derivative, 1 dV/dn = 0. The general Helmholtz equation 2 
rF'jV,*) F(V,
is not, however, suitable for the two dimensional problem. A suitable equation may be obtained by using an approach essentially similar to that adopted by Helmholtz. Let F (U, <t>) represent the harmonic function for a single pole of potential V Q ' in free space and l e t F ( y , <t>) be the harmonic function representFrom the Department of Medicine, University of Oklahoma School of Medicine, Oklahoma City, Okla.
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ing an equivalent single layer for the potential inside the circular boundary; then
Differentiating these equations with respect to R will lead to the general equation similar to equation 1 and suitable for the two dimentional problem. Thus
r/R Vo is the potential of the two pole distribution in free space and V,-is the potential for the Helmholtz double-layer. The potential of the inverse double-layer added to that for free space gives the actual potential inside or upon the boundary of the circular lamina due to the dipole, and potential of the inverse doublelayer takes care of the boundary condition of no field exterior to the circular lamina. Interior to the circular lamina we have distances from the poles to the point of observation. This expression may be expanded 3 in the form
If the poles are close together so that n is nearly equal to r 2 and the sum is large in comparison with the difference, we may neglect the terms in equation 5 which contain the cube and higher powers of (n + r 2 ) and equation 5 becomes
We now express n and r 2 in terms of / , 6' and a ( fig. la) and therefore r 2 2 -n 2 = 4 or' cos 0' for the numerator in equation G. For the denominator we may take n + r 2 = 2r' when 2a is small compared with ri or rj. Equation 6 may now be written in the form F r 2 , cos 8
Here 2a is the distance d between the poles and 2a M' = 7d/27r KT, I being the strength of current, K the specific conductivity, and T the thickness of the two dimensional lamina. From figure 16 we observe that Q (r 0 , 6 O ) is the point in the XY plane which locates the dipole at a distance r 0 = fR from the center 0 of the circular lamina. Also P (r, 6) is the point of observation of the potential at a distance r from the center 0 of the circular lamina. The dipole of moment M located at Q (r 0 , 0 O ) has a moment il/^x parallel to the axis of X if \p x is the cosine of the angle made by M and the X axis. Similarly, the moment Myj/ V is parallel to the Y axis if 4>y is the cosine of the angle made by the arbitrary dipole M and the Y axis. Let X and Xi denote the direction cosines of r and fR respectively with reference to the X axis, and let M and ^i denote the direction cosines of r and fR respectively with reference to the Y axis. If the potential F, denotes the value of V on the circumference of the circular lamina where r = ft in equation 11, the result is y = M^ I 2(X -. (14) or, if cos 0 = 7, we have a relation which is identical to that published by Dr. F. N. Wilson, et al. 4 If we determine the value of V from equation 13 by setting r = R we get 2(7 -/) (1 + / 2 -2/y) (15) which gives the potential V s at any point on the boundary of the circular lamina due to a dipole of eccentricity and axis collinear with the axis of X. The position of the zero of potential on the boundary is determined by setting V B = 0 and solving equation 15 for 7 in terms of /. The result is 7 = / 7 ft = /ft (16) which shows that, unlike the sphere, the position of the zero of potential on the boundary is precisely at the same point that would obtain if the extent of the conductor were infinite. The corresponding equation for the sphere is Table 1 shows the values of 7 = cos <f> both for the disc and for the sphere for arbitrary values of the eccentricity from / = 0 to / = 0.6057. It will be noted that the angle <f> between the axis of eccentricity and the radius ELECTRIC FIELD OF AX ECCENTRIC DIPOLE 275 ector to the boundary point of potential zero decreases more rapidly for the circular lamina than for the sphere and is less by 6.2°a t the greatest eccentricity computed. It is an easy matter to check equations 1 and 4 for zero normal derivative at the boundary. In each instance bV/dn = dV/dr. Thus, for the sphere we have Inasmuch as equation 11 has been shown to satisfy the boundary condition of zero normal derivative and each term can be shown to satisfy V 2 F = 0 separately, the solution is unique and the potentials based upon it should prove helpful in checking a method of measurement or the value of an "indifferent" reference potential. In this respect, the ratio of the potential V A /V B at opposite poles of a diameter of the circular lamina which is collinear with direction of eccentricity and with the dipole axis should prove most useful because of its simplicity. The ratio is equal to -(1 + / ) / (1 -/) when V A on the boundary is nearest to the positive pole of the dipole and F B on the boundary is nearer to the negative than to the positive pole. For the circular lamina this ratio varies from -1 to -4.07 when using the eccentricities indicated in table 1. For the sphere the values of ratio V A /V B vary from -1 to -11.11 for similar eccentricities. The larger final ratio for the sphere is explained by a greater decrease in negative values for V B and a considerably greater increase in positive values for V A with equal increases in the values of the eccentricity.
SUMMARY
The potential distribution in or upon the boundary of a homogeneous circular plane conductor due to an eccentric dipole is of simple form in comparison with the solution of the potential for the homogeneous spherical conductor. Consequently, the former should prove useful in testing potential measuring circuits and unipolar methods of electro-' cardiographic leads, both of which may then be utilized to attack basic clinical electrocardiographic problems.
SUMMARIO IN INTERLINGUA
Le distribution del potential intra o sur le confinios de un homogenee conductor plan de forma circular como effecto de un dipolo eccentric es simple in comparation con illo de un homogenee conductor de conformation spheric. Per consequente, le prime del due promitte provar se utile in testar circuitos de mesuration de potential e methodos unipolar de derivation electrocardiographic. Ambe istos pote alora esser utilisate in attaccar basic problemas de electrocardiographia clinic.
